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- Dissipative dyn. sys.
- Small deg.of.freedom

/ Low-dimensional

Hamilton system
Quantum mechanics

Two dynamics dep. on the level of description

- (Often conserved) dyn. sys.
- Large deg.of.freedom.

/ High-dimensional

Collective Motion  =  Macroscopic low-dimensional motion
out of microscopic high-dimensional dynamics



Introduction

We consider always concretely
rather than speculate abstractly about the general theory.

Collective Motion  =  Macroscopic low-dimensional motion
out of microscopic high-dimensional dynamics

It had been discovered only in microscopically dissipative dyn.sys.
Kaneko 1990,  Chate & Manneville 1992,  etc.

Our interest lies in the context of stat. mech.
The model should be connected smoothly to the equilibrium state.
IOW, the model should have reference equilibrium state.

There has been no model to show the collective motion
with which we can tackle the consistency of micro. and macro. dyn.

Do collective motions exist in conservative dynamical systems ?
And if ever, how ?



Introduction
Collective Motion  =  Macroscopic low-dimensional motion

out of microscopic high-dimensional dynamics

Hamiltonian Mean Field model (Infinite range coupling)
→ Temporal motion
Note: No space

2D Euler equations

Hamiltonian system with spacial extension



α-XY model (d-D)   [Anteneodo & Tsallis 2000]
XY rotator on d-D lattice (periodic boundary condition), N=L^d
Interaction decays as r^-α.

With the scaling prefactor for the recovery of extensivity.

The equations of motion:

Important parameter: α/d
    α/d<1: Long-Range                     α/d→0: Mean Field
1<α/d<2: Intermediate-Range
2<α/d    : Short-Range                    α/d→∞: Nearest Neighbour

b is arbitrary.

Model



T_eq (U)M_eq (U)

Equilibrium statistical mechanics

Equilibrium probability density function

Initial condition set to be strongly nonequilibrium

The form of the Maxwell-Boltzmann distribution is preserved.

T_q ≠ T_p: Nonequilibrium

Smoothly connected to the equilibrium

Exactly solved in the TDL N→∞ for α/d < 1



Parameters: U

f_q: Delta func. or T_q = 0

f_p: Maxwellian for T=T_0(M_0,U)
T_0(M_0,U) is determined to fulfill U.

Initial distribution of (q_i,p_i)

Initial condition set to be strongly nonequilibrium  (Detail)
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Relaxation

Metastable state
Lasts forever in N→∞

What's happening in the metasta ?

Stationary

Periodic Oscillation

"Complex" Oscillation

U



Bifurcation

Hopf-type bifurcation

The above is the same
as the mean field model.
[HM & Kaneko, 2006]



We define a field w_i(t) ; a kind of "molecular field"

Spatio-temporal pattern
What's happening with the "complex" oscillation ?

Time ser. of w_i (t)
Bold Black: M(t) = <w_i(t)>_i

What is the spatial dependency of w_i (t) ?

or equivalently



Spatio-temporal pattern
Transient Stable state

and
shows periodic oscillation

dw_i
= w_i (t) - < w_i (t) >

(μ)(μ)



Bifurcation

(Although the fluctuation
is quite large,)
the most probable amplitude
of oscillation shows
Hopf-type bifurcation.



Snapshots of (q,p) spaceMicroscopic state

π/2

3π/2π

0

Each part forms a cluster.
Breathing parts (red, blue) are rotating around (0,0)

Correspondence between the phase space and real space



Modes with k>1 is assumed to be negligible (confirmed by numerics)

M is assumed to be almost constant

Dynamic self-consistent explanation

Forced one-body
dynamics

Equations of motion

w_(1,0)^(μ) and w_(0,1)^(μ) are assumed to oscillate with almost
the same freq and amp (confirmed by numerics)



Poincare sections of this one-body dynamics

Resonance islands rotate around (0,0)

π/2

3π/2π

0

Resonance islands in the chaotic sea



Comparing the (q,p) space and the Poincare section
The rotation of the resonance island on the P-section
just corresponds to the rotation of the cluster on (q,p)

π/2

3π/2π

0



A considerable number
of elements at the
1:1 resonance island

Periodic M(t)Self-consistent

Microscopic Macroscopic

Self-excitation state, which is self-organized
as a transient structure in a closed system.
cf. Dissipative structure in open systems.

Generates

Self-consistent explanation of the stability

Driving
to stay within
the island stably.



Intermediate-Range (1<α/d<2), Short-Range (2<α/d)
The system relaxes to equilibrium within a short time.
No metastable state is observed.
The law of large numbers holds.

Intermediate: α=1.5, d=1 Short-Range: α=2.5, d=1



・Discovery of large-scale spatio-temporal pattern
in a Hamiltonian system with many deg. of freedom.

・The oscillation appears through Hopf bifurcation.
This implies a structure of low-dimensional dynamics
in high-dimensional dynamical systems.

・The mechanism of the stability of the oscillation is explained
self-consistently to be due to the self-oscillation.

Summary

Future work

・Analysis on the level of Kinetic equations (Boltzmann eqn.)

・Relation to plasma or beam-particle systems.
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